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CURVATURE PROPERTIES OF 4-DIMENSIONAL 
RIEMANNIAN MANIFOLDS WITH A CIRCULANT 

STRUCTURE 

IVA DOKUZOVA 


Abstract. We consider a 4-dimensional Riemannian manifold M equip¬ 
ped with a circulant structure q, which is an isometry with respect to 
the metric g and q 4 = id, q 2 ^ ±id. For such a manifold (M, g, q) we 
obtain some assertions for the sectional curvatures of 2-planes. We con¬ 
struct an example of such a manifold on a Lie group and we find some 
of its geometric characteristics. 
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Introduction 

The circulant matrices are well-studied (for example [T], [3]). They have 
application to Vibration analysis, Graph theory, Linear codes, Geometry 
(for example 0, 0, 0). 

The study of manifolds with additional structures plays an important role 
in differential geometry. In such manifolds substantial results are associated 
with the sectional curvatures of some characteristic 2-planes of the tangent 
space of the manifolds (for example [2], [3], [10]). 

In the present paper we consider some curvature properties of 4-dimen- 
sional Riemannian manifolds with a circulant structure q with q 4 = id, which 
is an isometry with respect to the metric g. We continue research made in 
[8] for such manifolds and construct an example of these manifolds. 

The paper is organized as follows. In Sect. |T] we give some necessary facts 
from [8] about a 4-dimensional differentiable manifold M with a Riemannian 
metric g, equipped with a circulant structure q, which is an isometry with 
respect to the metric g and q 4 = id, q 2 ^ ±id. In Sect. Owe establish that 
the sectional curvatures of the 2-planes { u , qu } and {u, q 2 u} are expressed 
by the angles Z(u,qu) and Z(u, q 2 u), respectively. The main results here 
are Theorem [2731 and Theorem [2~4l We obtain relations between the sec¬ 
tional curvatures of some characteristic 2-planes in the tangent space on the 
manifold ( M,g,q ). In Sect. [3] we construct an example of such a manifold 
on a Lie group and we find some of its geometric characteristics. 

l 


1. Preliminaries 


In this section we recall facts from [8], which are necessary for our future 
consideration. 

Let M be a 4-dimensional Riemannian manifold with a metric g. Let q 
be an endomorphism in the tangent space T p M , p € M on the manifold M 
with local coordinates given by the circulant matrix 


( 1 ) 


Then 

(2) 


/0 1 0 o\ 
0 0 10 
0 0 0 1 
\1 0 0 0 / 


q A = id, q 2 ± ±id. 


We suppose that g is positive definite metric and the structure q of the 
manifold M is an isometry with respect to the metric g, i.e. 


(3) g{qx,qy) = g(x,y). 

Anywhere in this work x, y, z, u will stand for arbitrary elements of the alge¬ 
bra of the smooth vector fields on M or vectors in the tangent space T p M. 
The Einstein summation convention is used, the range of the summation 
indices being always {1,2,3,4}. 

We denote by ( M,g,q ) the manifold M equipped with the metric g and 
the structure q. 

Easily finding that ([T]) and ([3]) imply a circulant matrix of components of 

a- 

A basis of type {x,qx,q 2 x,q 3 x} of T p M is called a q-basis. In this case 
we say that the vector x induces a q-basis of T p M. 

If a vector x induces a (/-basis, then for the angles Z(x,qx), Z(x,q 2 x), 
Z(qx,q 2 x), Z{qx, q 3 x), Z(x,q 3 x) and Z(q 2 x, q 3 x) we have 

Z(x,qx) = Z(qx,q 2 x) = Z(x,q 3 x) = Z(q 2 x,q 3 x), Z(x,q 2 x) = Z(qx,q 3 x). 


In our further research we will use an orthogonal (/-basis. The existence 
of such bases is proved in [8]. 


2. Some curvature properties 

Let V be the Riemannian connection of the metric g on (. M,g,q ). The 
curvature tensor R of V is determined by R(x, y)z = W x V y z — V y S7 x z — 
The tensor of type (0,4) associated with R is defined as follows 

R(x, y, z, u) = g(R{x, y)z , u ). 

If we denote P = q 2 , then the conditions m and ([3|) imply P 2 = id, 
P / ±id, g(Px,Py) = g{x,y). Thus, ( M,g,P ) is a Riemannian manifold 
with an almost product structure P. It follows from (jT]) that trP = 0. For 
such manifolds is valid Staikova-Gribachev classification (mi). The class 




Wq defined by VP = 0 in this classification is common to all classes. Every 
manifold in this class satisfies the identity R{x,y, Pz, Pu) = R(x,y,z,u). 
In [8j it is proved analogous identity 

(4) R(x,y,qz,qu) = R(x,y,z,u), 

for a manifold ( M,g,q ) with the condition Vg = 0. By using © and the 
symmetries of R, it is easy to find that 


( 5 ) 


R{qx, qy, qz, qu ) = R(x, y, z, u). 


Since the latter equality follows from (©, the class of manifolds (. M,g,q ) 
with the condition © is more general than the class (M, g, q) with the 
condition ©. 

If {x, y} is a non-degenerate 2-plane spanned by vectors x, y £ T p M, then 
its sectional curvature is (|12|) 


( 6 ) 


v(x,y) 


R{x,y,x,y) 

g(x,x)g(y,y) - g 2 (x,y) ' 


Theorem 2.1. Let (M,g,q) be a manifold with property ([5]). If a vector x 
induces a q-basis, then for the sectional curvatures of the basic 2 -planes we 
have 


(7) y{x, qx) = p{qx, q 2 x) = y(q 2 x, q 3 x) = y{q 3 x, x), 

(8) H(x,q 2 x) = y(qx,q 3 x). 


Proof. From ((5|) we have 

(9) R(x, y , 2 , u) = R(qx, qy , qz, qu) = R(q 2 x, q 2 y, q 2 z, q 2 u). 

In © we substitute 

1) qx for y, x for z, qx for u, and we get 

(10) R(x, qx, x, qx) = R(qx, q 2 x, qx, q 2 x) = R(q 2 x, q 3 x, q 2 x, q 3 x), 

2) q 3 x for y, x for z, q 3 x for u, and we obtain 

(11) R(x, q 3 x, x, q 3 x) = R(x, qx, x, qx), 

3) q 2 x for y, x for z, q 2 x for u, then 

(12) R(x, q 2 x, x, q 2 x) = R(qx, q 3 x, qx, q 3 x). 

The equality © follows from (J3 |) . (|6 |) . (fTOl) and (fTT!) . In a similar way, from 
©, © and (fT2l) we get ©. □ 

Let x induce a g-basis {x, qx, q 2 x, q 3 x}. Due to Theorem 12.11 there are 
only two different basic sectional curvatures. Therefore, we consider only the 
sectional curvatures g(x,qx) and g(x,q 2 x). Let us note that if y £ {x, qx} 
and y yl x, then qy £ {x,qx}. Consequently, we can say that the sectional 
curvature y(x, qx) depends on ip = Z(x, qx). Analogously, g(x, q 2 x) depends 
on 0 = Z(x, q 2 x). 

We denote g(x,qx) = (ip) and g(x,q 2 x) = ^ 2 ( 6 )- 



Theorem 2.2. Let ( M,g,q ) be a manifold with property (|5j). If vectors x 
and u induce q-bases and {x, qx, q 2 x, q 3 x} is orthonormal, then 


7 r cos ip 

MW - i-2 

2 1 — cos z ip 


^ — 2 R(x, qx, q 2 x, x) 


(13) 


+ 2(cos ip)R(x, qx, qx, q 2 x) 

— (cos ip)R(qx, q 2 x, q 3 x, x) 

— 2 R{qx, q 2 x, q 2 x, x , 


(14) 


7T 2cos(9 

f^2\ ~ 2/4 

2 1 — cos z 6 


— 2 R{x, qx, qx, q 2 x) 


+ (cos 9)R(qx, q 2 x, q 3 x, x) J, 


where p = Z(u,qu), 9 = Z(u,q 2 u). 

Proof. In (|9|) we substitute 

1 ) qx for y, q 2 x for z and x for u, then 

(15) R(x, qx, q 2 x, x) = R(q 2 x, q 3 x, x, q 2 x) = R(q 3 x, x, qx, q 3 x), 

2 ) qx for y, qx for z and q 2 x for u, and we have 

(16) R{x, qx, qx, q x) = R(q x, q x, q x, x) = R(q x, x, x, qx), 

3) qx for y, q 2 x for z and q 3 x for u, then 

(17) R(qx, q 2 x, q 3 x, x) = R(x, qx, q 2 x, q 3 x), 

4) qx for y, qx for z and q 3 x for u, and we get 

(18) R(qx, q 2 x, q 2 x, x) = R{x, qx, qx, q 3 x) = R(q 3 x, x, x, q 2 x), 

5) q 2 x for y, qx for z and q 3 x for u, and we find 

(19) R{x, q 2 x, qx, q 3 x) = 0. 


Let u = ax + /3qx + 7 q 2 x + 6 q 3 x, where a, 0 , 7,8 G R. From m we get 
qu = Sx + aqx + f3q 2 x + 7 q 3 x, q 2 u = 7 X + 8 qx + aq 2 x + 0 q 3 x and 
q 3 u = (3x + 7 qx + 8 q 2 x + aq 3 x. Then, by using the linear properties of the 




curvature tensor R and having in mind @ , (flU , (fT21) , (fT5T) - (fTUl) , we obtain 


R(u, qu, u, qu) = ^(a 2 — /36) 2 + (<5 2 — cry) 2 + (0 2 — cry) 2 + ( 7 s — 0(5 ) 2 j R± 
+ 2((a0 - 7 5)(7 2 - « 2 ) + (07 - M(5 2 - 0 2 ))i?2 
+ ((a0 - 7<5 ) 2 + (07 - <5a) 2 ) A 3 
+ 2(a 2 + 7 2 - 20,5) (c5 2 + 0 2 - 2a 7 )A 4 
+ 2 (V - 0(5 )( 7 2 - 05) + ( 0 2 - a 7 )(<5 2 - aryj)Rz 
+ 2^(a0 — 7<5)(<5 2 - 0 2 ) + (07 - 5a)(a 2 - 7 2 ))^ 6 , 
i?(rx, it, g 2 it) = 2 ^(a<5 — 07) 2 + (a0 — 7 ^) 2 ^ i?i 



+ 4^(a<5 — 07)(7 2 — a 2 ) + (a/3 — £7 )(5 2 — 0 2 ) 

+ ((« 2 - 7 2 ) 2 + ( 0 2 -5 2 ) 2 )a 3 

)a 2 


- 2^(a0 - 7 <5 ) 2 + (07 - ce<5) 2 ) A 5 
+ 4^(0 2 - <5 2 )(a<5 - 0 7 ) + (a0 - 76 )( 7 2 - « 2 ) 

)-R 6 , 

where 

Ai = R(x, qx, x, qx), R 2 = R(x, qx, q 2 x, x), 


( 20 ) 

R 3 = R(x, q 2 x, x, g 2 x), A 4 = A(x, qx, qx, q 2 x), 
i ?5 = R(qx, q 2 x, q 3 x, x), Re = R(qx, q 2 x, q 2 x, x). 


Then 



( 21 ) 

R(u, qu, u, qu) + ^R(u, q 2 u, u, q 2 u) = A0 Ai + K 0 R 2 + A' 3 A 3 

+ A 4/14 + A 5 A 5 + K '2 Re . 

where 




A0 = (a 2 - 0<5) 2 + (<5 2 - cry) 2 + (0 2 - a 7 ) 2 + ( 7 2 - 0<5) 2 
+ (a<5 - 07) 2 + (a0 — 7<5) 2 , 

Ji 2 = 2((a0 - 7<5)(7 2 - a 2 ) + (07 - <5a)(<5 2 - 0 2 ) 

+ (<*<5 - 07)(7 2 - a 2 ) + (<*0 - ^7)(<5 2 - 0 2 )), 

AT 3 = (a0 - 7<5) 2 + (07 - <5a) 2 

+ i((a 2 -1 2 ) 2 + (7-« 2 ) 2 ), 


(22) 


I <4 = 2 (a 2 + 7 2 - 2(3d)(5 2 + /3 2 - 2cry), 

K 5 = 2((a 2 - /36)( 7 2 - /3<3) + (/3 2 - ay) (5 2 - ay)) 
— (a/3 — y<5) 2 — (/3y — a6) 2 . 


Since the g-basis { x , gay g 2 ay g 3 s} is orthonormal, we have 
g(u, u) = g(qu, qu) = a 2 + /3 2 + y 2 + S 2 , 

g(u , qu) = ad + a/3 + ^7 + <5y, g(it, g 2 rt) = 2 (a 7 + <5/3). 
Due to (j3]) and (J6]) we get 


g(u,qu) = 


R{u,qu,u,qu ) 2 R(u,q 2 u,u,q 2 u) 


, n(u,q u) = 


g 2 (u, u) — g 2 (u, qu) r '“’" g 2 {u,u) - g 2 {u,q 2 u) ' 

We suppose that g(u, u) = 1 and we obtain 

R(u,qu,u,qu) 2 R(u,q 2 u,u,q 2 u) 

(23) g{u,qu) = — -^- , p[u,q u) = 


1 — cos 2 ip 


1 — cos 2 9 


(24) a 2 + /3 2 + y 2 + h 2 = 1, ad + a/3 + /3y + £7 = cos yy 2(ay + S/3) = cos 6. 

From ([Mt we express a, /3, 7, 5 by cos ip and cos 9. Then, taking into account 
(1221) . we get 

it 1 = 1 — cos 2 ip, A'2 = — 2 cos ip{l — cos 9), A3 = -(1 — cos 2 9), 

A4 = 2(— cos 9 + cos 2 <p), A,5 = cos 2 0 — cos 2 tp. 

Thus, m and (1231) imply 

(1 — cos 2 ip)g(u, qu) + -(1 — cos 2 9)n(u , q 2 u) = 

(1 — cos 2 ip)R\ — 2 cos <p(l — cos 6MA9 

(25) , 

+ -(1 — cos 2 9)R% + 2(— cos 9 + cos 2 <^)i?4 
+ (cos 2 9 — cos 2 ip)R$ — 2 cos ip( 1 — cos 0)Ag. 

In (1251) first we substitute ip = ^ and then (9 = |. Thus we obtain (flD) and 

(USD. " □ 

Theorem 2.3. Tef ( M,g,q) be a manifold with property ()5j) . If a vector u 
induces a q-basis, then the following equality is valid 

Mi (<P) = 1 -— ((! -4cos 2 <p)/zi(-) 

1 — COS z V z 

(26) + ^(cos<^ + 2cos 2 ip)gi(^) 

3 . 2 . . 2vr \ 

+ -(2cos ip - cosip)pi( — )y 


where ip = Z(u,qu). 







Proof. In (fTHI) first we substitute = f and then ip = ^. Due to (12U1) and 
having in mind that {x, qx, q 2 x, q 3 x} is an orthonormal g-basis, we get 

3 (mi( g) - Mi^)) = 4^ - R 2 + -P.A - -R 5 - R$J, 

3 (a ii (-^-) - Mi(^)) = 4 (r 2 + 2^4 - ^^5 + Re)- 

From the latter equalities we find the tensors R 4 — \R^ and R 2 + Re- Then 
(fl3l) implies (f26|) . □ 

Theorem 2.4. Let ( M,g,q ) 6 e a manifold with property If a vector u 
induces a q-basis, then the following equality is valid 

M e ) = 1-—2fl((! ~ 4cos2 

(27) + ^(cos0 + 2 cos 2 0)fi 2 (^) 

+ |(2 cos 2 0 - cos 0 )^ 2 (y)) , 

where 6 = Z(u,q 2 u). 

Proof. In (fT4l) first we substitute 0 = | and then 0 = Thus we get 
3 (id(-) - M 2 (-)) = 2i ? 5 - 8 R 4 , 

3 (^ 2 (” 3 ~) ~ ^ 2 ^) = 2 ^ 5 + 8 -^ 4- 

Taking into account the last system and (fT4|) . we obtain (|271) . □ 

Theorem 2.5. Tet ( M,g,q ) 6 e a manifold with property ([4]). If a vector u 
induces a q-basis, then the following equalities are valid 

(28) MO) = 0 , Mp) = { 1 ~ co \ d) \ i£), 

1 — cos z (p 2 

where 6 = Z(u,q 2 u) and tp = Z(u,qu). 

Proof. From Q we have 

(29) R(x, y, qz, qu ) = R(x, y, q 2 z, g 2 u). 

In ©, (129]) we substitute 

1 ) qx for y, x for z, qx for u, and we get 

(30) R(x, qx, x, qx) = R(x, qx, qx, q 2 x) = R(x, qx, q 2 x, q 3 x), 

2 ) q 2 x for y, x for z, q 2 x for u, and we obtain 

(31) R(x, q 2 x, x, q 2 x) = R(x, q 2 x, qx, q'^x) = R(x, q 2 x, q 2 x, x), 

3) qx for y, q 2 x for z, x for u, then 

(32) R(x, qx, q 2 x, x) = R(x, qx, q^x, qx) = R(x, qx, x, q 2 x). 




Comparing the identities (fT71) . (IT5D . (13U1) . (HTTP . (f3?l) and having in mind 
(f 20 l) . we obtain R\ = R± = R§ and Ro = R 3 = Re = 0. Then (f25l) implies 

m- □ 

We note that Proposition 4.2 from f 8 j is a particular case of Theorem 12.51 
3. A Lie group as a 4 -dimensional Riemannian manifold with a 

CIRCULANT STRUCTURE 

Let G be a 4-dimensional real connected Lie group and g be its Lie algebra 
with a basis {xi,x 2 ,x 3 ,x 4 }. We introduce a structure q and left invariant 
metric g as follows 

(33) qx 1 = x 2 , qx 2 = x 3 , qx 3 = x 4 , qx 4 = xi, 

(34) g{x i ,x j ) = | 

Obviously, © and d3|) are valid. Therefore ( G , g, q ) is a Riemannian 
manifold with © and Q. 

For the manifold (G, g, q) we suppose that g is a Killing metric, i.e. 

(35) g([xi,xj],x k ) + g([xi,x k ],xj) = 0. 

According to (1351) and the Jacobi identity for the commutators [xi,Xj\ we 
obtain 

[x 1 ,x 2 ] = A1X3 + A2X4, [xi, X 3 \ = -A1X2 + A4X4, 

(36) [x 2 ,x 3 ] = A1X1 T A3X4, [xi,x 4 ] =-A 2 x 2 - A4X3, 

[X 2 , X 4 ] = A 2 Xl - A3X3, [x 3 , x 4 ] = A4X1 + A 3 x 2 , 

where A* G M. 

Vice versa, if (|36l) are valid for a Riemannian manifold ( G,g,q ), where 
the structure q and the metric g on the Lie group G are determined by © 
and ([3]), then the Jacobi identity for commutators [x,;, Xj\ is satisfied and 
the metric g is Killing. 

Therefore, we establish the truthfulness of the following 

Theorem 3.1. Let ( G , g, q ) be a 4- dimensional Riemannian manifold, where 
G is the connected Lie group with an associated Lie algebra g, determined 
by a global basis {x*} of left invariant vector fields, and q and g are the 
structure and the metric, determined by (1331) and (1341) . Then ( G,g,q) is a 
Riemannian manifold with a circulant structure q and a Killing metric g, 
which satisfy © and © if and only if G belongs to a Lie group, determined 

by m- 

Further, (G, g , q) will stand for the Riemannian manifold determined by 
the conditions of Theorem ixn 

Since g is a Killing metric, then the components of R are (j5j) 


(37) 


Rijkh — ^9 ^[®i> ^j] i \%ki • 

According to ff34l) . (1361) and (1371) we calculate the following components 
of the curvature tensor 77: 

Rl212 = — ^(Af + A|), A1414 = — — (A| + A|), 

772323 = -^(A? + A§), i?3434 = ~^(A| + A 4 ), 

(38) 7 ? 1313 = —-(A^ + A 4 ), i?2424 = — ^(Ao + A 3 ), 

7?1213 = 7?2434 = ~ -A 2 A 4 , i?2324 = 77i 3 i4 = —-A 1 A 2 , 

7?1424 = 7?1323 = ~-A 3 A 4 , i? 3 l 3 4 = 7?2124 = — ^AlA 3 , 

7?1214 = 7? 3 2 3 4 = -A 1 A 4 , Rl 434 = 7?2123 = -A 2 A 3 . 

The rest of nonzero components are obtained from the properties 

Rijks Rksij: Rijks Hj/ks Rijsk- 

Proposition 3.2. Let (G,g,q) be a manifold determined by the conditions 
of Theorem \S.1\ Then (G, g, q ) satisfies the identity © if and only if 

(39) Ai = eA 2 = eA 3 = A 4 , e = AI. 

Proof. According to (1331) we obtain that © is equivalent to 

R1212 = R3434 = R2323 = Rl 414 i Rl 313 = R- 2424 , 

R1213 = R2324 = R \424 = T? 3 1 3 4 , i?!214 = Rl434 = T?2123 = 77 3 234 j 
R \224 = 7? 3 12 3 = R’i\ 14 = 7?42 3 4, R \324 = 0 . 


Then (l38l) implies 

A 2 = A 3 , Ai = A 4 , A^ + A 4 = A 2 + A 3 , A 1 A 4 = A 2 A 3 . 
So we obtain (1391) . 


□ 


From (1381) and (f39|) we calculate 


(40) 


77)212 — A1414 

7?1213 = 7?2434 


771214 — R3234 


R2323 — 773434 — 77i3i3 — 7?2424 
7?2324 = 77l3l4 = 77l424 = 

773431 = 77i323 = 7?2124 = 

1 2 

77i434 = 772123 = 4^1- 




Having in mind (1401) and the formulas 

P{y, z) = g v R(ei , y, z, ej), r = g tJ p(ei, ej), 


we get the components of the Ricci tensor p and the value of the scalar 
curvature r as follows: 


(41) 



(42) 



By using (0 for the sectional curvatures of the basic 2-planes we find 



Therefore, we arrive at the following 

Proposition 3.3. Let (G,g,q) be a manifold determined by the conditions 
of Theorem 1 ff.il If (G,g,q) satisfies the identity (|5|). then 

(i) The nonzero components of the curvature tensor R and the Ricci 
tensor p are m and m; 

(ii) The scalar curvature r is (H2l) : 

(iii) (G,g,q) is of constant sectional curvatures (|43|) . i.e. ( G,g,q ) is 
conformally flat manifold. 

According to (l33j) we obtain that (j4]) is equivalent to the equalities 
R 1212 = #1414 = R 2323 = R 3434 = R\223 = ^1241 = 

i?4134 = Rl234 = ^2334 = -^2341, 

Rl313 = ^2424 = Rl324 = Rl213 = Rl224 = Rl431 = 

i?2441 = R2423 = ^2331 = Rl334 = ^2434 = 0. 
Then, by using (|38l) and ([42]) we have the following 

Proposition 3.4. Let (G,g,q) be a manifold determined by the conditions 
of Theorem I3.il Then the following propositions are equivalent: 

(i) Ai = A 2 = A 3 = A 4 = 0, i.e. G is abelian; 

(ii) (G,g,q) satisfies the identity (J4]); 

(iii) r = 0, i.e. (G,g,q) is a scalar flat manifold with respect to V. 
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